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Simulation of Molecular Weight

Distributions of Poly

(N-[10-(n-docosane[oxycarbonyl])-n-decyl

maleimide]) from Isothermal Fractional

Precipitation Data and Comparison with

Distributions from Size Exclusion

Chromatography of Fractions

E. Carazo Chico and J. M. Barrales-Rienda
Departamento de Quı́mica-Fı́sica de Polı́meros,
Instituto de Ciencia y Tecnologı́a de Polı́meros, Spain

Twenty fractions of an unfractionated sample of poly(N-[10-(n-doco-
sane[oxycarbonyl])-n-decyl)maleimide]) (PEMI 10-22) were obtained
by isothermal fractional precipitation at 25�C using toluene=methanol
as the solvent=precipitant system. Weight-average molecular weights (in
the range �Mw ¼ 6.06� 103 to 3.21� 105) of 11 of these fractions were
measured by static light scattering. The molecular weight distribution
(MWD) of PEMI 10-22 was analyzed by comparing the results
obtained from isothermal fractional precipitation with size exclusion
chromatography (SEC). The analysis of SEC data was carried out by
means of a nonlinear autocalibration of log �Mw versus elution time at the
peak, te(peak). The calibration was determined by an iterative computer
method devised for use with polydisperse samples. The results of iso-
thermal fractional precipitation are simulated and compared with SEC
data. Good agreement between the distribution determined by the SEC
autocalibration method and isothermal fractional precipitation was
obtained.
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A major problem of comb-like polymers such as poly N-maleimides
arises from the fact that they have a broad molecular weight distribution.
If one wishes to study, for instance, the influence of main chain length on
the crystallization behavior, it is thus necessary to fractionate these
polymers.

Fractional precipitation, coacervate extraction, and fractionation by
crystallization are all methods of batch fractionation[1]. The separation is
achieved by the partition of the polymer between two immiscible phases.
Several days are usually required to obtain the cuts. The cuts then must
be further analyzed. Thirty years ago batch fractionation methods were
commonly used for analytical fractionation. Because of the simplicity in
experimental equipment and technique, these methods are still used today
for preparative fractionation[2,3]. In Cantow’s and Tung’s books the
methods of batch fractionation are discussed in chapters by Kotera[4],
Elliot[5], and Kamide[6]. The partition of polymers in two immiscible
phases is governed by the thermodynamics of polymer solutions, and
background on these theories can be found in most polymer chemistry
books. In Cantow’s book these theories were surveyed by Huggins and
Okamoto[7] and later by Huggins[8].

Most of the studies published so far have been done mainly with
analytical fractionation, where the molecular weight distribution
(MWD) of the original sample is evaluated using data of the fraction
size r and one of its molecular weight averages ( �Mn, �Mv, or �Mw). Thirty

years ago, Kamide et al.[9] and Koningsveld and Staverman[10,11] for-
mulated a rigorous theory of fractionation in which the initial con-
centration, namely, the polymer volume fraction in the solution v0p and
the relative amount or size of the fraction r are given in advance[12].

Molecular weight distribution (MWD) and statistical molecular
weight averages are possible from size exclusion chromatography (SEC)
measurements[13,14] with the use of: (1) an on-line light-scattering detector
without column calibration; (2) an on-line viscometer with universal
calibration; or (3) with proper column calibration (i.e., autocalibration).
The use of SEC in combination with viscometry and light scattering (LS)
detectors for estimation of the absolute molecular weight distribution is
common. Multiple detector SEC is especially useful for characterizing
very complex polymeric materials such as copolymers, blends, and
branched polymers. However, to generate reproducible results on a
routine basis, special care must be taken regarding the added complexity
and costs of the instrumentation. In particular, detector configuration
should be chosen carefully, interdetector volumes (dead volumes)
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measured precisely, concentration-detector response calibrated, baseline
settings and instrument sensitivity parameters selected with care, and
band-broadening corrections used if needed. Finally, to verify the accu-
racy of a multiple-detector SEC system, the instrument must be evaluated
using well-characterized standards[15–18].

Some possible solutions to avoid these difficulties have been given by
Jackson and Barth[15]. However, there exist real and, in some cases,
serious limitations of these detection systems for analyzing low molecular
weight polymers (<5.0� 104). Viscometry and LS detectors are not as
sensitive to lower molecular weight polymers under normal SEC condi-
tions. The concentration detector, which usually is a refractometer, does
not always give reliable concentration response below 5.0� 104 g=mol
unless a meticulous calibration is done. The viscometer sensitivity is
dependent upon the specific viscosity of each sample, so it is very
common to compensate by using high concentrations for low molecular
weight samples to get reliable signal=noise ratios. However, these high
concentrations in turn influence the elution time=volume of the sample.
Accurate elution volumes are critical for molecular weight determinations
when SEC universal calibration is used. Sensitivity of an LS detector is a
molecular weight function. With polymers below 2.5� 104 g=mol, the
sensitivity is a limitation. The signal from the LS detector is due to the
sample’s excess Rayleigh factor Ry. The excess Rayleigh factor is a
function of the square of the increment in refractive index with con-
centration ([dn=dc]2). Therefore, if the sample exhibits a low dn=dc, less
than 0.06 under normal SEC concentrations, the detector may not pro-
vide sufficient signal-to-noise to calculate the MWD. The dn=dc of low
molecular weight samples is affected adversely by end groups. In other
words, in the very low MW range, the detector is more sensitive to
chemical composition than it is to MW. The refractive index detector
response for low molecular weight concentration determinations can be
unreliable because the dn=dc of the sample may change as a function of
MW below 5.0� 104 g=mol[19]. However this fact may be avoided by
using adequate corrections.

Therefore, the sensitivity of the actual detectors is such that there is
only a small range of sizes where the results of both techniques (viscometry
and light scattering) are precise enough to be used simultaneously, and
universal calibration is still in use in many laboratories[20]. This fact may
be especially serious in the low molecular weight region, as the present
system may be. Jackson and Barth[16] have critically described inherent
problems in data analysis and possible potential sources of error and
advantages and disadvantages of using SEC techniques and procedures.

Procházka and Kratochvil[21,22], however, by means of an analysis of
the accuracy of determining molar-mass averages of polymers by gel
permeation chromatography (GPC) with an on-line light-scattering
detector demonstrated that, because of limited sensitivity of molar-mass
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and concentration detectors, only Mw can be determined with acceptable
accuracy by means of SEC with an on-line low-angle laser-light scattering
(LALLS) photometer; �Mn can be determined accurately only if the
polydispersity of the analyzed sample is small. A somewhat more exact
determination of �Mn is possible using data of the concentration detector
and calibration of the chromatographic column. The sensitivity of light
scattering and viscosity detectors increases with molecular weight. As a
result, these detectors give a high signal-to-noise ratio as compared to a
concentration-sensitivity detector at the high molecular weight end of the
distribution. At the low molecular weight end of the distribution, the
situation is reversed[16]. Thus, often, the ends of the distribution are
truncated, resulting in an underestimation of the sample poly-
dispersity[21,22].

The measurement of molecular weight averages and the distribution
for polymers by size exclusion chromatography (SEC) requires the con-
struction of a calibration curve using polymers that are relatively
monodisperse or have a very narrow distribution as standards. However,
to calculate the molecular weight averages and the distribution for any
polymers other than polystyrene (PS) by this calibration curve, it is
necessary to transform molecular weight units in PS into those for the
polymer specified.

Some attempts have been undertaken to overcome the problem of the
lack of suitable standards for each polymer type[23–27]. In some cases a
number of samples with a variety of molecular weights are used as
standards. Some of the methods for calibration using polydisperse
polymer samples were employed to prepare linear calibration
curves[23–25]. However, it is very well known that a calibration curve of a
given column may yield a logarithm plot of molecular weight against
elution volume or time with a slight, but important, curvature in the
molecular weight range where the data has to be evaluated. For this
reason, the calibration curve should be fitted by third-order poly-
nomial[28]. McCrackin[26] proposed a calibration method in which third-
order polynomials are used.

A method of calibrating SEC columns using polydisperse polymer
samples was developed by Balke et al.[23], but was applied only to linear
calibration curves. Another calibration method was developed by Weiss
and Cohn-Ginsberg[29] but requires the molecular weight distribution of
the polymer samples used for calibration to be of a particular shape, so it
is not generally applicable. The calibration curve is established from
narrow distribution polystyrenes and then extended to other systems.
Two polymers having different intrinsic viscosities or a polymer of
known intrinsic viscosity and at least one average of the molecular weight
are required to calculate the parameters of the SEC curves. This method
has been validated by Morris[30]; Hamielec and Omorodin[31] improved
this method. Mori[32] also presented a modification of the methods of
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Weiss and Cohn-Ginsberg[29] and Hamielec and Omorodin[31] for cali-
brating SEC columns.

It is well established that the best results are obtained from SEC pri-
mary data, where the system of interest is analyzed using an auto-
calibration method, namely, calibration by means of standards of the
same polymer[3,33,34]. This is especially true when non-exclusion effects
are present[35]. Barth[36] reviewed ‘‘nonsize’’ exclusion effects and their
detrimental effects on the molecular weight determination of polymers.
Elution times te may be converted into molecular weights M only by
means of correlation. This is possible only when a molecular weight
average is known using a direct technique, and the elution time is viable
only for monodisperse systems. However, since this does not seem to be
the present case, it has been necessary to develop a calibration method of
SEC using a number of polydisperse samples, ignoring any method
applied based in the universal calibration. Since, so far, it is unknown
whether this polymer obeys such a correlation, the universal concept
cannot be used with any type of certainty.

From the above-mentioned reasons, automatic techniques seem to be
adequate in the high molecular weight region or for quality control
purposes. Nevertheless these circumstances do not apply in our samples
because they are in the low �Mw region; furthermore, we need to
characterize not only the �Mw average but other molecular averages like
�Mn, which is much less precise as determined using the above-mentioned
techniques.

Therefore, the main purpose of the present work is threefold. First, the
analysis of fractionation data according to the Kamide theory has been
applied only to data obtained by fractional solution by temperature low-
ering. However, in the present article we intend to apply the same theory
to data obtained by isothermal fractional precipitation. Second, we seek to
estimate more precise and realistic values of the molecular weight avera-
ges; and third, we will investigate the use of an autocalibration procedure
for SEC to avoid secondary exclusion processes, which normally are not
taken into account in the case where polystyrene standards are used.

EXPERIMENTAL

Polymer

The synthesis of the monomer N-(10-[n-docosane(oxycarbonyl)]-n-
decyl)maleimide, its purification, and its polymerization can be found in a

forthcoming paper[37]. Purification was achieved by two dissolution and
precipitation steps followed by drying under high vacuum at 40�C (10�4

to 10�5 mm of Hg). The purified sample was characterized by organic
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elemental analysis, 13C- and 1H-NMR techniques, and infrared (IR)
spectroscopy to verify the chemical structure and purity of the sample.

Solvents

Analytical grade toluene and methanol (Panreac Monplet & Esteban,
S.A. Barcelona, Spain) were dried, redistilled, and stored over a suitable
desiccant agent and freshly distilled prior to use. Generous head and tail
fractions were discarded. The SEC solvent was analytical grade tetra-
hydrofuran (THF) (Scharlau, Barcelona, Spain) purified by refluxing for
at least 72 h over anhydrous potassium hydroxide under a nitrogen
atmosphere and subsequently distilled on a rectification column. The
boiling fraction at 66.5�C–67.0�C, with a corresponding refractive
index[38] nD (25�C)¼ 1.40496, was used. It was stabilized with 2,6-di-tert -
butyl-4-methylphenol (BHT) to prevent the formation of peroxides.

Isothermal Fractional Precipitation

Toluene=methanol was employed as the solvent=precipitant system.
The fractional precipitation was carried out using a conventional pro-
cedure, starting with a 1.912% toluene solution (41.1 g=2150 mL).
Addition of the precipitant up to cloudiness was followed by dissolution
and thermal reequilibration in a 5000 mL separation funnel in a ther-
mostatic water bath at 25.0� 0.1�C. The fractions precipitated in a
concentrated solution state. They were redissolved in toluene, pre-

cipitated with methanol, and subsequently dried at 40�C (10�4 to
10�5 mm Hg) for 24 h. The fractional precipitation data is given in
Table I (columns 1–3), where Wi represents the weight in grams for each
fraction. The fractionation yield was 98.5% (see Table I). It can be
considered as satisfactory for our purposes, as will be seen subsequently.
Twenty fractions were obtained.

Size Exclusion Chromatography

SEC experiments were performed on a Waters Associates gel per-
meation chromatograph composed of the following parts: a U6K Uni-
versal Liquid Chromatograph Injector, a Waters 600 E Multisolvent
Delivery System, and an R-410 Differential Refractometer with tetra-
hydrofuran (THF) as mobile phase. The columns and detector were kept
at 25�C by means of a circulating bath. The temperature of the circu-
lating water bath for both columns and detector was maintained at
approximately �0.2�C. The circulating thermostat was a Haake Model
F-35 (Karlsruhe, Germany). The temperature was monitored by means
of a precision quartz Hewlett-Packard 2804A thermometer with a quartz
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sound probe Model 18111A (Mountain View, Calif., USA). An
arrangement of four columns in series was previously selected according
to the molecular weight distribution of the unfractionated sample. It
consists of four (122 cm [4 feet] long) Styragel columns with an external
diameter of 0.9 cm (I.D. 7.8 mm), and upper porosity ratings of 103,
3� 103, 104, and 105 Å (Waters designation). Samples were dissolved
overnight at room temperature. The polymer solutions were prepared in
the range of concentrations 0.2 to 0.3 wt%. Prior to the injection of the
solutions, they were filtered through a 10 mm MF filter (Millipore).

Special attention had to be paid to the stability and accuracy of the
SEC equipment. The following steps appeared to be effective:

(1) Determination of the column set efficiency. This was carried out by
measuring the number of theoretical plates using o-dichlorobenzene
(ODCB) as marker. Where tetrahydrofuran was the solvent, the
columns yielded 11,600 theoretical plates, te(ODCB)¼ 95.83 min;

TABLE I Fractional precipitation data of poly(N-[10-(n-docosane[oxycarbonyl])-

n-decyl maleimide]) PEMI 10-22. Fractionation yield¼ (SWi=W ).100¼ (40.4936=
41.1).100¼ 98.5%

Fraction
number

V(CH3OH)
added (mL)

V(CH3OH)
accumulated (mL)

Vc (Precipitate
volume) (mL) Wi (g)

c¼Wi=Vc

(g�mL�1)

F-1 625 625 9.1 1.5017 0.1650

F-2 15 640 15.4 2.6155 0.1698
F-3 78 718 11.6 1.9950 0.1727
F-4 13 731 9.5 1.6805 0.1769

F-5 15 746 11.7 2.1181 0.1810
F-6 17 763 14.9 2.8277 0.1898
F-7 14 777 9.4 1.7715 0.1885

F-8 15 792 11.6 2.2849 0.1978
F-9 15 807 11.6 2.2653 0.1961
F-10 28 835 11.1 2.3365 0.2103
F-11 24 859 9.3 2.0318 0.2185

F-12 20 879 6.6 1.4610 0.2214
F-13 27 906 7.4 1.6944 0.2290
F-14 36 942 8.0 1.8864 0.2358

F-15 46 988 7.5 1.8469 0.2463
F-16 80 1068 9.4 2.4728 0.2645
F-17 120 1188 6.3 1.7485 0.2775

F-18 190 1378 5.7 1.7995 0.3157
F-19 350 1728 6.0 2.1985 0.3664
F-20 60 1788 5.7 1.9571 0.3434
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Dt¼ 3.56 min. This amounts to, for a set of four columns, 2900 plates=
column. Column efficiency was checked twice a week and remained
stable during the experiments.

(2) Selection of the appropriate set of chromatographic columns. This is
an important task especially because this study involves fractionation
by fractional precipitation, SEC, and fractional simulation. Finally
the system was found to be at its optimum for a set of four columns.
This selection was restricted by the availability of appropriate col-
umns to obtain absolute molecular weight values of a series of frac-
tionated samples with a wide molecular weight distributed over a
determined wide range.

After the operation conditions were optimized, the experimental
conditions were fixed as follows:

(a) Flow rate was 2.0 mL=min. At this flow rate ‘‘viscous fingering’’ does
not occur. In the construction of a universal calibration curve using
an on-line viscometer, or, as in our case using an average of the
molecular weight, SEC concentration effects (macromolecular
crowding and viscous fingering) must be absent[36]. Flow rates,
measured volumetrically and tested volumetrically (by siphon) and
gravimetrically (by balance), were maintained. For either the elution
time, elution volume, or elution weight, measurements were taken at
given time intervals. Time measurements gave the best accuracy and
reproducibility.

(b) Sample concentration and the injection volume of the solution were
2.5 mg=mL and 2 mL, respectively; a 5 mL syringe was used.

(c) Pressure drop across the column set was approximately 260–300 psi
at a flow rate of 2 mL=min and a temperature of 25�C.

(d) The flow rate of (purge) degasifying gas (He) was kept at 60 mL=min.
(e) In order to stabilize the baseline during the measurements, thus

avoiding pressure overloading caused by the higher molecular weight
polymer molecules, a set of two columns of 3� 108 and 104 Å were
located as back-pressure columns in the reference line.

(f ) The flow was then adjusted to a ratio of 1:20 with respect to the
sample line. This flow and splitting ratio were maintained during the
course of the measurements and their stability checked.

(g) A detector gain of �2 was used. Run time: 120 min (t0¼ 50 min;
tf¼ 100 min). The baseline was optimized.

(h) Data acquisition and calculations on primary data were carried out
on-line by means of a Baseline 810 Waters Data System (Waters
Associates, Inc., Milford, Mass., USA). For the above experimental
conditions, an SEC chromatogram was recorded for the whole
polymer and can be seen in Figure 1. Similarly, the chromatograms
were obtained for 20 fractions. Chromatograms of certain fractions
are shown in Figure 2.
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FIGURE 1 SEC chromatogram tracing of the complete PEMI 10-22 polymer
sample. The experiment was carried out at 25oC and the eluent employed was
THF. The dashed line corresponds to the corrected baseline chromatograms of
PEMI 10-22 fractions F-1 to F-20. The curve was calculated from the

individual SEC tracing of each of the fractions obtained by fractional pre-
cipitation.
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Refractive Index Increment Measurements

All chromatograms have been corrected for baseline and refractive
index corrections due to molecular weight effects. The relationship
between molecular weight and refractive index of a polymer is generally

FIGURE 2 SEC tracings of fractions F-1, F-5, F-10, F-15, and F-20 employing

the same experimental conditions used in Figure 1.
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assumed to be constant, independent of molecular weight for molecular
weights above a few thousand. Sensitive refractive index measurements on
solutions have indicated that they exhibit a small systematic molecular
weight–refractive index dependence[39]. Refractive index shows significant
variation with �Mn. It is generally linear in 1= �Mn

[40–43]. Carazo and

Barrales-Rienda[37] have obtained a series of values of dn=dc for a series of
fractions of poly(N-[10-(n-docosane[oxycarbonyl])-n-decyl maleimide])
covering a wide range of molecular weights. They depend on molecular
weight and can be fitted to the following semiempirical expression:

dn=dc ¼ b� ða=MÞ ð1Þ

which may be also expressed by means of its linearized form as

log ½b� ðdn=dcÞ� ¼ log a� logM ð2Þ

if we substitute the decimal logarithm of molecular weight by the elution
volume (retention time), corresponding to the maximum of the curve
obtained by SEC, since as we know they are practically proportional,
namely,

logM ¼ Co � Cte ð3Þ

Equation (2) may be also rewritten as

log ½b� ðdn=dcÞ� ¼ log a� Co þ C1te ¼ log a0 þ C1te ð4Þ

The following parameters were obtained: b¼ 0.08248; log a0 ¼�9.15961,
and C1¼ 0.09326 with a correlation coefficient of R2¼ 0.999999. These
parameters were used to correct the dn=dc signal. Error in molecular
weight caused by the variation in the refractive index increment at low
molecular weights can lead to errors of 10–25% in the determination of
the number-average molecular weight for polydisperse materials[44]. This
last correction has been done by taking into account the molecular weight
dependence of the refractive index increment, which was determined and
employed previously[37] by means of a differential refractometer, since the
direct consequence of small changes in the refractive index–molecular
weight constant in the middle molecular weight range would affect
molecular weights calculated from light-scattering measurements. The
width of a peak in an SEC chromatogram is mainly due to three factors:
the polydispersity of the sample, the column spreading, and the spreading
produced by injecting the polymer sample in a finite volume of solvent.
For samples with broad MWD, the spreading due to the polydispersity of
the sample is much larger than the other components of the spreading,
which may therefore be neglected as a first approximation, and the
molecular weight averages �Mw and �Mn and the polydispersity �Mw= �Mn may
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be computed from the chromatogram[45]. No correction due to the band
broadening or axial dispersion of the columns was applied due to the
polydispersity factor range[3] of the present series of fractions.

As mentioned previously, Figure 2 shows a series of chromatograms
corresponding to F-1, F-5, F-10, F-15, and F-20 fractions. In this series
of chromatograms it can be observed how the successive fractions have
narrower distribution (a less polydispersity factor) and appear at longer
elution times (smaller molecular weights).

EXPERIMENTAL RESULTS

Analysis of SEC Data

To test the validity of this fractionation procedure using the following
method, the SEC chromatogram corresponding to the whole polymer
sample, i.e., the unfractionated sample, was reconstructed by means of
the chromatograms from the different fractions. This result was then
compared with the chromatogram that corresponded to the unfraction-
ated sample. To do this, it is necessary to normalize the chromatograms
for each of the isolated fractions, followed by subsequent addition using
the statistical weight for each weight fraction obtained during the frac-
tionation. The result of this treatment is shown as a dotted line in
Figure 1. It can be observed that only a small difference exists between
the chromatogram that corresponds to the whole sample and that
reconstructed from the chromatogram and normalized weight of each of
the fractions. This allows the validation of the SEC measurements by
means of results obtained from fractional precipitation. However, it
proves that the fractionation yield of 98.5% is sufficient to explain the
small difference observed between the SEC chromatogram of the whole
polymer and that reconstructed using the individual fractions.

SEC Autocalibration Procedure

The iterative procedure originally proposed by Purdon and Mate[46]

for calibration with broad molecular weight distribution standards was
used to calibrate the SEC columns with the same fractions characterized
by light scattering. As seen in Figure 3, in the plot of log �Mw versus
te(peak) only a small type of deviation from linearity is observed, shown
by the open circles. In SEC a polynomial is used to fit the calibration
curve. In its general form the logarithm of the molecular weight and the
elution time or volume are selected as function and variable, respectively.
McCrackin[26] described a procedure that takes into account nonlinear
effects by using a quadratic curve; Szewczyk[47–51] proposed an iterative
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FIGURE 3 SEC calibration curves obtained for PEMI 10-22 fractions: open
circles correspond to the experimental results, as a semilogarithm plot of the

weight-average molecular weight logð �MwÞLS of a series of fractions, against the
elution time at the peak teðpeakÞ; the dotted line corresponds to the calibration
curve fitted to the experimental results using a second-degree polynomial; the

solid line corresponds to the calibration curve fitted to the experimental results
using a third-degree polynomial.
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method that can be applied to any polynomial of degree n. From a
practical point of view this method was used[3] for another comb-like
polymer, poly(N-[n-octadecyl]maleimide) (PMI 18). This method was
based on the inversion of the calibration function log �Mw ¼ f (te[peak])
for the precise determination of the elution time te(peak)¼ f�1(log �Mw).
For this reason, a calibration function MðteÞ of the polynomial type was
assumed

LogM ¼
Xn
k¼0

Akt
k ¼ A0 þ A1te þ A2t

2
e þ A3t

3
e þ � � � þ Ant

n
e ð5Þ

where A0, A1, A2, . . .An are the coefficients of the n-th order polynomial.
Preliminary starting values for the coefficients A0, A1, A2, . . .An were
taken from results of log �Mw versus te(peak), where te(peak) is the peak
elution time for the fractions measured by light scattering. With this
initial correlation the weight-average molecular weight ( �Mw)cal was cal-
culated from the normalized chromatograms H(te)i for each one of the
fractions, taking into account that

ð �MwÞcali ¼
Z

HðteÞiMðteÞdt ð6Þ

where M(te) can be obtained by means of 10logM. With the estimated
values of ( �Mw)cali a new calibration function M(te) can be calculated. In
this way, the coefficients A0, A1, etc., can be optimized by means of an
iterative process in which the function

s ¼
X

½ð �Mwi
Þ � ð �MwÞcali �

2 ð7Þ

is minimized by means of the nonlinear algorithm of Cholesky [52].
For this calculation process a package written in FORTRAN was

developed whose results for a quadratic and a cubic polynomial function,
respectively, are shown in Table II. The results of convergence for both
approximations are plotted in Figure 4. It can be observed that, in both
cases, the process is convergent with only a few iterations. It also can be
observed that in both cases the sum of the squared deviations(s) is very
small. It is reduced asymptotically as the order of the polynomial is
increased, as shown in Figure 4. We have plotted in Figure 3 as dotted
and full lines, the results for the quadratic and cubic functions, respec-
tively, in a semilogarithm plot as well as weight-average molecular weight
�Mw measured by light scattering as a function of the elution time at the
peak te(peak). Good agreement between the weight-average molecular
weight �Mw measured and calculated was obtained, as can be seen from
Table III. Only a slight difference between the results from the quadratic
and cubic functions was observed. However, they differ considerably
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from the function obtained by means of the values of ð �MwÞLS, which
represents only a first-order approximation. A cubic function was selec-
ted for calibration due to its simplicity and by the fact that an increase of
the number of coefficients or degree of the polynomial does not produce
any significant improvement in the accuracy of the results.

From the aforementioned calibration curve, it was possible to calcu-
late molecular weight averages �Mn, �Mw, and �Mz together with the
polydispersity factor h for each fraction. The following relationships for
the different molecular weight averages were used, where HðteÞi is the
normalized chromatogram. The number-average molecular weight �Mn is
given by

�Mn ¼
Z

½1=MðteÞ� �HðteÞdt
� ��1

ð8Þ

To obtain the weight-average molecular weight �Mw, Equation (6) was
used. The z-average molecular weight �Mz given by

�Mz ¼
Z

HðteÞMðteÞ
2
dt

�Z
HðteÞMðteÞdt

¼ ð1= �MwÞ
Z

HðteÞMðte Þ
2
dt ð9Þ

and, finally, the polydispersity factor h can be expressed by h ¼ �Mw= �Mn.
At this stage, the viscosity-average molecular weight �Mv can be esti-

mated. However this was not carried out because the viscometric results
obtained for the polymer fractions did not produce a unique pair of
values for the parameters in the Mark-Houwink equation. Two well-
differentiated trends were obtained when the intrinsic viscosity ½Z� was
plotted against the molecular weight M on a log-log scale. The first trend
corresponded to the low molecular weight region, where for a given value

TABLE II Autocalibration results. Coefficients in Equation (5)

defining the best calibration curve

Polynomial degree

Quadratic Cubic

Number of iterations 9 17
s 1021 768
A0 8.72 15.31

A1 �2.68� 10�2 �3.50� 10�1

A2 �4.42� 10�4 4.82� 10�3

A3 �2.84� 10�5
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of the molecular weight M the intrinsic viscosity ½Z� was found to be
almost independent of molecular weight. However, in the high molecular
weight region, the Mark–Houwink equation was obeyed[37]. It should be
noted that it was necessary to measure the crossover point very precisely

FIGURE 4 Plot of s, sum of the squared deviations, as a function of the number

of iterations for the quadratic function and cubic function approximations.
The calibrating equation is a polynomial of the form logM ¼ A0 þ A1te þ A2te

2

þ � � � � þAnte
n and the fitting procedure is an iterative one as explained in a

previous section.
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in order to carry out the numerical integration of the chromatograms.
Values of �Mv and how they are estimated will be given in a forthcoming
paper[37]. This effect can be easily observed in the magnified region shown
in Figure 3. The calibration curve is in fact composed of two curves, one
for the high molecular weight and the other for the lower molecular
weight species. However, this behavior does not appreciably affect the
values of the number-weight and z-averages calculated using the cubic
polynomial. This can be attributed to the minimal difference in slopes of
the two curves’ increase. Therefore, the slight increase in precision does
not justify the complexity in subsequent calculations if two regimes in the
calibration curve are considered. Nevertheless, the viscosity-average
molecular weight �Mv needs to be calculated considering this effect, and
two series of values of the two Mark–Houwink equations were also
needed in order to describe this apparent peculiar behavior, which

TABLE III Size exclusion chromatography data of poly(N-[10-(n-docosane[oxy-

carbonyl])-n-decyl maleimide]) PEMI 10–22, elution time at the peak te(peak),
weight-average molecular weight measured by light scattering ð �MwÞLS , weight-
average molecular weight ð �MwÞSEC , number-average molecular weight ð �MnÞSEC ,
and polydispersity factor h ¼ ð �MwÞSEC=ð �MnÞSEC

Fraction
number

te(peak)
(min)

ð �MwÞLS
�10�3

ð �MwÞSEC
�10�3

ð �MnÞSEC
�10�3

h ¼ ð �MwÞSEC=
ð �MnÞSEC

F-1 60.8 329.0 328.9 139.2 2.36
F-2 62.3 241.0 241.5 130.5 1.85

F-3 62.6 201.0 110.5 1.82
F-4 63.4 184.0 183.8 110.8 1.66
F-5 63.7 163.3 110.6 1.48

F-6 64.5 149.0 148.3 106.0 1.40
F-7 64.8 133.0 92.8 1.43
F-8 65.5 118.2 116.7 85.3 1.37
F-9 65.8 108.2 77.7 1.39

F-10 66.3 97.8 97.9 71.8 1.37
F-11 67.1 82.5 61.6 1.34
F-12 67.3 79.9 79.1 60.7 1.30

F-13 67.8 69.9 55.9 1.25
F-14 68.3 63.0 64.1 48.0 1.34
F-15 69.2 53.7 54.7 43.0 1.27

F-16 70.2 45.7 45.4 36.6 1.24
F-17 71.3 35.9 27.6 1.30
F-18 72.3 30.4 29.9 24.5 1.22

F-19 74.0 20.7 16.8 1.23
F-20 76.0 12.8 9.8 1.30
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indicates the presence of other linear and branched macromolecules, as
will be explained later in more detail[37].

The above calculations were performed by means of a program written
in FORTRAN, using the method of Simpson for numerical integration,
and its simplicity and validity were considered. The estimated values are
shown in Table III and are plotted as a semilogarithm function against
the peak chromatogram elution time teðpeakÞ in Figure 5. In all cases a
smooth variation is apparent between data. In Figure 6 we have plotted
the polydispersity factor of the fractions as a function of the peak elution
time teðpeakÞ. It was found to decrease gradually, as expected.

Simulated Fractionation from Fractional Precipitation Data

Even though the solubility of polymer molecules can be explained
qualitatively in terms of the Flory–Huggins theory, there has traditionally
existed an enormous quantitative gap between the simplified theory of
phase equilibrium and the experimental conditions employed in fraction-
ation. Tung[53] was the first to develop a computational simulation of the
SPF (successive precipitation fractionation) method by taking into
account the theory of Flory-Huggins. Subsequently, Kamide
et al.[6,9,12,54–72] and Koningsveld and Staverman[10,11] developed this
computational method to investigate the effect of the different variables
that influence this process. However, as far as the present authors are
aware no comparison between the results of these types of calculations
and those obtained experimentally has been attempted.

In this study, due to the accurate fractional precipitation data
obtained for a large number of fractions and their characterization,
further complemented by detailed SEC information, a simulation and
comparison between the results and experimental data is attempted.

It is necessary to note that the algorithm employed in the calculations
corresponds to the SPF method (successive precipitation fractionation),
which is a different experimental technique. That is, the separation of
phases by diminishing the temperature of the whole system has been
replaced by the addition of a precipitant at a constant temperature
(isothermal). However, when applied, the results obtained are, as men-
tioned previously, equivalent. Therefore, the use of computational
operations in order to calculate the distributions and molecular param-
eters measured experimentally was attempted.

Theory of Phase Separation

According to the theory of Flory-Huggins, the chemical potential of
dilution of the solvent, Dm0, and a polymer of polymerization degree X,
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Dmx, in a solution is given by means of the following expressions,
respectively:

Dm0 ¼ RTflnð1� vpÞ þ ½1� ð1= �XnÞ�vp þ wv2pg ð10Þ

FIGURE 5 Molecular weight averages estimated from SEC data using an
autocalibration method as a function of the elution time teðpeakÞ.
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FIGURE 6 Polydispersity factor estimated from SEC data and autocali-
bration method ð �MwÞSEC=ð �MnÞSEC for a series of fractions of poly(N-[10-(n-
docosane[oxycarbonyl])-n-decyl maleimide]) PEMI 10-22 as a function of

the elution time. The circles correspond to the values obtained using a
third-degree polynomial.
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Dmx ¼ RTfln vx � ðX� 1Þ þ X½1� ð1= �XnÞ�vp þ wXð1� vpÞ
2g ð11Þ

where R is the gas constant, T is the absolute temperature, vp is the
polymer concentration expressed as the volume molar fraction of the
polymer, and �Xn is the number-average degree of polymerization.

The polymer=solvent interaction parameter w in Equation (10),
according to the theory of Flory-Huggins, is a function of the tempera-
ture and is independent of the concentration. However, experimentally it
has been found that w depends on concentration. This dependence can be
expressed by means of the following expression:

w ¼ w0ð1þ pvpÞ ð12Þ

where w0 is a constant and p is a characteristic parameter to express the
concentration dependence of w. The validity of Equation (12) has been
shown for various polymer solutions [73]. Taking this dependence into
account, Equation (10) can be rewritten as follows:

Dm0 ¼ RTflnð1� vpÞ þ ½1� ð1= �XnÞ�vp þ w0ð1þ pvpÞ vp2g ð13Þ

When w can be expressed by Equation (12), Equation (11) can be
derived directly[7] or by means of a series of arguments[60] as follows:

Dmx ¼ RTfln vx � ðX� 1Þ þ X½1� ð1= �XnÞ�vp

þ w0X ð1� vpÞ
2 þw0pXð0:5� 1:5 vp

2 þ vp
3Þg ð14Þ

When the equilibrium between the two liquid phases is reached, i.e., they
are in thermodynamic equilibrium, the following holds:

Dm0ð1Þ ¼ Dm0ð2Þ ð15Þ
Dmxð1Þ ¼ Dmxð2Þ ð16Þ

where subscripts 1 and 2 represent the diluted (supernatant) polymer
phase and the concentrated (precipitate) polymer phase, respectively. The
substitution of Dm0 in Equation (13) into Equation (15) yields:

w0 ¼ f1=½ðvpð2Þ2 � vpð1Þ
2Þ þ pðvpð2Þ3 � vpð1Þ

3Þ�g

� fln½ð1� vpð1ÞÞ=ð1� vpð2ÞÞ�

þ ½1� ð1= �Xnð1Þ
Þ�vpð1Þ � ½1� ð1= �Xnð2Þ

Þ�vpð2Þg ð17Þ

The combination of Equations (14) and (16) gives:

ln vxð2Þ � ln vxð1Þ ¼ sX ð18Þ
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where

s ¼ ½1� ð1= �Xnð1Þ
Þ�vpð1Þ � ½1� ð1= �Xnð2Þ

Þ�vpð2Þ

� w0½2ðvpð2Þ � vpð1ÞÞ þ v2pð1Þ � v2pð2Þ�

þ w0p½v3pð1Þ � v3pð2Þ � 1:5ðv2pð1Þ � v2pð2ÞÞ� ð19Þ

Eliminating w0 between Equations (17) and (19), the following is
obtained:

s ¼ f½2þ 1:5pðvpð2Þ þ vpð1ÞÞ�=½ðvpð2Þ þ vpð1ÞÞ þ pðv2pð2Þ þ vpð2Þvpð1Þ þ v2pð1ÞÞ�g

� fln½ð1� vpð1ÞÞ=ð1� vpð2ÞÞ� þ ½1� ð1=ð �Xnð1Þ
Þ� vpð1Þ

� ½1� ð1= �Xnð23Þ
Þ� vpð2Þg � ln½ð1� vpð1ÞÞ=ð1� vpð2ÞÞ� ð20Þ

However, if the volume ratio R, defined by

R ¼ Vð1Þ =Vð2Þ ð21Þ

where V(i) is the volume of the respective phase and V the total volume of
both phases (V¼V(1) þ V(2)), they are expressed as follows:

Vð1Þ ¼ RV=ðRþ 1Þ ð22Þ
Vð2Þ ¼ V=ðRþ 1Þ ð23Þ

If the fraction of a given X-mer remaining in both phases is designated
by fx(1) and fx(2), respectively, the corresponding weights are given by

gð2ÞðXÞ ¼ fxð2Þ g0ðXÞ ¼ g
0ðXÞ expðsXÞ=½Rþ expðsXÞ� ð24Þ

gð1ÞðXÞ ¼ fxð1Þ g0ðXÞ ¼ Rg
0ðXÞ=½Rþ expðsXÞ� ð25Þ

where g0(X) represents the weight of the X-mer dissolved in the original
mother solution.

Equations (24) and (25) were obtained from Equation (18) under the
assumption that the specific volumes of the macromolecules are constant
(1.00) and independent of the degree of polymerization.

Using Equations (22) and (23) the concentrations of the polymer in
both phases are given by

vpð1Þ ¼ ð1=Vð1ÞÞ �
X

gð1Þ ðXÞ ¼ ½ð1þ RÞ=VR� �
X

gð1Þ ðXÞ ð26Þ

vpð2Þ ¼ ð1=Vð2ÞÞ �
X

gð2Þ ðXÞ ¼ ½ð1þ RÞ=V� �
X

gð2Þ ðXÞ ð27Þ
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Finally, the number-average molecular weights of the polymer in both
phases can be calculated by means of the following expressions:

�Xnð1Þ ¼
X

gð1Þ ðXÞ=
X

ð1=XÞgð1Þ ðXÞ ð28Þ

�Xnð2Þ ¼
X

gð2Þ ðXÞ=
X

ð1=XÞ gð2Þ ðXÞ ð29Þ

obtained from Equations (28) and (29).
This theoretical approach was developed for experimental results of

fractionations obtained by successive precipitation fractionation (SPF) or
by successive solutional fractionation (SSF). In both cases the original
polymer sample is dissolved in a single solvent, to give V0 mL of solution.
In SPF, on lowering the temperature of the solution stepwise, the pre-
cipitates are successively separated from the solution. The original
volume V0 is practically maintained throughout the fractionation. On the
contrary, in SSF, on lowering the solution temperature, the polymer-lean
phase is separated from the solution. The fraction is isolated from this
phase using a standard procedure. Further solvent is added to the
polymer-rich phase to maintain the solution with V0 mL, and the tem-
perature lowered again and the process repeated. Therefore, in both cases
the V0 does not change during the course of separation. This is the fun-
damental assumption when the above equations are applied. In the
experimental procedure used in this study, i.e., fractional precipitation,
this condition is not fulfilled.

Procedure of Computational Simulation

The computational simulation of the fractionation was carried out by
means of a FORTRAN package program using the above equations. The
following scheme of calculation was applied:

It was assumed one gram of unfractionated sample, SgoðXÞ ¼ 1, of the
polymer dissolved in a volume V0 of solvent would give a concentration
equal to that of the original mother solution of the whole polymer. The
weight-average molecular weight distribution g0ðXÞ of the whole poly-
mer, namely, the unfractionated polymer, is obtained from the SEC
chromatogramHðteÞ, shown by the continuous line in Figure 1. These are
related by means of the following expression:

gðXÞ ¼ �HðteÞdX=dt ¼ �HðteÞ=2:303 sX ð30Þ

where s ¼ dðlogXÞ=dt is obtained from the slope of the calibration curve
given in Figure 3. For each fraction the starting weight was taken as the
weight of the fraction Sg2ðXÞ, obtained experimentally. These weights are
shown in Table I. The following steps were followed:

SEC and Isothermal Fractionation 121

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
6
:
2
2
 
2
1
 
J
a
n
u
a
r
y
 
2
0
1
1



(1) Arbitrary values were assigned to R and �Xnð2Þ.
(2) By means of Equations (22) and (23) Vð1Þ and Vð2Þ were calculated.
(3) From the values obtained that of Sg1ðXÞ ¼ 1� Sg2ðXÞ, vpð1Þ and vpð2Þ

were calculated by means of Equations (26) and (27), respectively.
(4) The estimation of s was obtained using Equation (20) and values

obtained.
(5) At this point, sufficient data has been calculated to calculate the

molecular weight distributions giðXÞ, according to Equations (24)
and (25), respectively.

(6) The calculation of the weights, SgiðXÞ, and the average molecular
weights �XnðiÞ, using Equations (28) and (29), were employed as cri-
teria of convergence when compared with the values taken initially
in step (1). These values were corrected by means of the estimated
values followed by further iteration and was reinitiated until the con-
vergence between both values lay within 2%.

The data for the successive fractions were calculated employing the
same procedure but then replacing the values of g0ðXÞ and V0 of the first
fraction by the molecular weight distribution curve of the polymer and
the volume that the new diluted phase obtained in the previous step but
ignoring the addition of new volume of the precipitant agent.

The last fraction was obtained by a hypothetical evaporation of the
solvent of the aforementioned supernatant phase calculated in the last
iteration.

The parameter p, defined in Equation (12), was assumed to be con-
stant throughout the fractionation. In this study the value of p was taken
as 0.77. This value was estimated by adjusting the values of �Xn and �Xw

calculated for the first two fractions with their respective experimental
values, i.e., a parameter that can be adjusted using the experimental
results for the two first fractions obtained from fractionation.

DISCUSSION OF RESULTS

The results obtained by applying the method outlined in the previous
section are shown in Table IV. The validity of this method can be seen in
Figures 7 and 8, where the averages �Mn and �Mw and corresponding
polydispersity factor h ¼ �Mw= �Mn, obtained experimentally, are com-
pared with those obtained by computational simulation. Good agreement
is observed between the molecular weight averages and the polydispersity
factor h. Therefore the assumption of a constant value for the parameter
p during the course of fractionation is a valid hypothesis. Figure 7 also
shows that there is good agreement between the values of �Mw and �Mn for
all fractions.

In Figures 9 and 10 two important factors that control the phase
separation phenomena, i.e., the concentration of the polymer-rich phase
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np and the volume ratio R, are plotted against fractionation order
(fraction number).

Due to the good agreement obtained for the molecular parameters
(molecular averages and distributions), this method of simulation frac-
tionation corresponds to the equivalent thermal successive precipitation
fractionation (SPF). That is, even though the equilibrium conditions may
be equivalent, the operating conditions are not. This may be why the
value of the extensive magnitudes (concentration, volume ratio) depicted
in Figures 9 and 10 follow the same tendency but were not predicted
correctly using this model. Nevertheless, the partition coefficient s shown
in Figure 11, which is also an intensive magnitude, follows the usual
exponential dependence.

The difference between methods can be attributed to differences in the
experimental procedures. That is, fractionation is based in the successive

TABLE IV Fractional precipitation data from simulation of poly(N-[10-(n-

docosane[oxycarbonyl])-n-decyl maleimide]) PEMI 10-22, volume of precipitate
V(2), number-average molecular weight ð �MnÞsim, weight-average molecular weight
ð �MwÞsim, polydispersity factor hsim ¼ ð �MwÞsim=ð �MnÞsim, polymer concentration Vp,

volume ratio R, and partition coefficient s

Fraction
number

V(2)

(mL)
ð �MwÞsim
�10�3

ð �MnÞsim
�10�3

hsim ¼ ð �MwÞsim=
ð �MnÞsim

Vp

(g�mL�1) R
s

� 105

F-1 0.30 321.4 127.9 2.51 0.119 193 1.08
F-2 0.52 248.7 115.7 2.15 0.121 111 1.35

F-3 0.39 207.8 106.6 1.95 0.122 146 1.56
F-4 0.33 184.2 101.0 1.82 0.123 173 1.75
F-5 0.41 163.5 95.0 1.72 0.124 138 1.99

F-6 0.54 142.8 87.8 1.63 0.125 103 2.33
F-7 0.33 129.7 83.1 1.56 0.126 165 2.60
F-8 0.43 116.6 77.8 1.50 0.128 129 2.99
F-9 0.42 104.6 72.2 1.45 0.129 130 3.43

F-10 0.43 93.2 66.3 1.41 0.131 127 3.96
F-11 0.36 83.7 61.5 1.36 0.133 147 4.64
F-12 0.26 76.0 57.2 1.33 0.134 206 5.22

F-13 0.30 68.2 52.6 1.30 0.136 179 6.05
F-14 0.32 59.9 47.2 1.27 0.138 162 7.18
F-15 0.31 51.8 41.9 1.24 0.141 168 8.76

F-16 0.40 42.3 35.0 1.21 0.146 129 11.5
F-17 0.28 34.3 29.3 1.17 0.151 187 15.1
F-18 0.27 27.1 23.7 1.15 0.157 188 20.5

F-19 0.31 19.9 17.6 1.13 0.169 165 32.2
F-20 0.24 12.6 11.2 1.13 0.195 213 66.8
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addition of known volumes of precipitant, whereas in the simulation
procedure, successive precipitation fractionation (SPF), the fractions are
not produced by the addition of precipitant but by decreasing the tem-
perature of the system.

FIGURE 7 Comparison of the molecular weight averages estimated by the
autocalibration method from SEC data and those obtained using a simulation
method and experimental data from fractional precipitation.
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Figure 12, however, shows the weight-average molecular weight dis-
tributions for a series of fractions and the whole polymer. These dis-
tribution were also obtained by simulation and clearly show how the

FIGURE 8 Comparison of experimental and simulated polydispersity factor
h ¼ �Mw= �Mn as a function of elution time of the fractions.
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width of the distribution is drastically reduced as the fractionation
increases. As seen in Figure 12, successive fractions tend towards a
normal Gaussian distribution. In fact, this is quite normal because suc-
cessively the mother solution has a more normalized molecular weight

FIGURE 9 Dependence of the experimental and simulated concentration of the
polymer-rich phase against the fractionation order for a series of fractions of

poly(N-[10-(n-docosane[oxycarbonyl])-n-decyl maleimide]) PEMI 10-22.
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distribution. Therefore, it can be proposed that the fractionation of
polymers is equivalent to a deconvolution of a normally complex mother
distribution into normal Gaussian fractions.

FIGURE 10 Dependence of the experimental and simulated weight normalized
volume ratio R.(Wi=SWi) against the fractionation order (fraction number) for a

series of fractions of poly(N-[10-(n-docosane[oxycarbonyl])-n-decyl maleimide])
PEMI 10-22.
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CONCLUSIONS

To avoid the use of a universal calibration procedure, a modified
method has been described and used to prepare a calibration curve

FIGURE 11 Plot of the partition coefficient s against fractionation order for

poly(N-[10-(n-docosane[oxycarbonyl])-n-decyl maleimide]) PEMI 10-22.
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for the polymer fractions. From these results it can be concluded that
the method of autocalibration may be useful only when a number of
fractions of the polymer over a wide molecular weight distribution is

FIGURE 12 Molecular weight differential distribution g(X)� d [I(M)]=dM for a
series of fractions and the unfractionated polymer, calculated using a simulation

method and experimental data from fractional precipitation for poly(N-[10-(n-
docosane[oxycarbonyl])-n-decyl maleimide]) PEMI 10-22. Dotted lines represent
the fitted Gaussian distributions.
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available. The technique offers the advantage that it requires only
data from the SEC chromatograms and one average of the molecular
weight of some of the fractions. The method may also be very useful
in cases where non-exclusion SEC effects occur during the elution
process.

The simulation procedure proposed by Kamide et al.[9,54–56] and
improved by Kamide and Sugamiya[59] based on the Flory-Huggins
solution theory, and fractionation data obtained from successive pre-
cipitation fractionation (SPF) or successive solutional fractionation
(SSF), were applied and tested on fractions obtained by isothermal
fractional precipitation. In this case it is necessary to know in advance the
initial concentration or the polymer volume fraction in the solution v0p as
well as the relative amount or size of each fraction r, besides the values of
Xn of the two first fractions, to adjust the parameter p. Furthermore, the
experimental molecular weight data for fractions demonstrate excellent
agreement when compared with results obtained by several independent
measurements, such as fractional precipitation, light scattering, and size
exclusion chromatography. These results further suggest that both the
methods of calibration and simulation are readily applicable to cases
where only broad molecular weight fractions are available.

In general, fractionation is a preparative method to obtain polymer
fractions for subsequent characterization. However, it may also be used
as a procedure to obtain standard fractions of known molecular weight
distribution for analysis by SEC or SEC autocalibration, the results of
which would facilitate the analysis of theories on phase separation.

Finally, the apparent validity of the molecular parameters obtained by
simulation show the usefulness of this technique. That is, this calculation
requires knowledge only of the initial molecular weight distribution and
the weight fraction, which in turn decreases the workload necessary to
determine the data analytically (i.e., SEC, light scattering).
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